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Temperature Turbulence Spectrum for High-Temperature
Radiating Gases

A. Soufiani*
Ecole Centrale Paris, 92295 Chatenay-Malabry, France

* The influence of radiation on thermal turbulence spectra is studied theoretically in the case of homogeneous
and isotropic turbulence in high-temperature radiating gases. A statistical narrow-band model is used to compute
radiative properties of real gases such as CO, and H,0, and an Onsager-type model is used as closure for the
temperature variance spectrum equation. It is found that radiation acts as a dissipative process with a coefficient
N(k) smaller than the conductive one ak? for small eddies and greater than ak? for large eddies. The critical
wave number, for which conductive and radiative processes are of the same order of magnitude, is found to be
close to k = 100 m~ for pure H,0 or pure CO, in the temperature range [400 K, 2000 K]. At high temperature
and small values of the viscous dissipation rate of turbulent kinetic energy, £, radiation significantly modifies
the temperature variance spectrum in the region typically between 10-2 k, and k,, where k, is the Kolmogorov
wave number. The effects of radiation increase with temperature but decrease with ¢. ‘

Nomenclature

= thermal diffusivity

specific heat at constant pressure

= temperature variance spectral density
spectral flux at wave number &
radiation spectral intensity

= blackbody spectral intensity

= mean line intensity to mean line spacing ratio
inside Av ‘

wave vector

radiative dissipation term

P(S) = probability distribution law of line intensities
= pressure

radiative flux

= column length

= spatial position

= radiative source term

= mean temperature

transfer term in the spectral equation
= time

= propagation direction

= velocity component

molar fraction of the absorbing species
= r coordinate

= mean line half-width inside Ay
narrow-band model spectral range

= mean line spacing inside Ay

radiation intensity fluctuation
blackbody intensity fluctuation
turbulent kinetic energy dissipation rate
temperature fluctuation

spectral absorption coefficient

= kinematic viscosity

density
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T, = conductive characteristic time

T, = inertial time scale

T, = radiative characteristic time

T, = spectral transmissivity

X = temperature variance dissipation rate

Xr = total radiative dissipation rate

Subscripts

v = spectral quantity

Symbols

u @ v = convolution product

D = three-dimensional Fourier transform

P = quantity ® averaged over Ay
Introduction

NOWLEDGE of thermal turbulence spectra is often

required for better understanding and modeling of tur-
bulent flows (second-order closures for example, Newman et
al.!) and for the study of acoustical or electromagnetic wave
propagation through the turbulent medium. However, high-
temperature systems (combustion applications) and even low-
temperature media (atmospheric applications) are usually
concerned with radiating gases such as CO, and H,O, and
radiative transfer in these systems acts as a dissipative process,
especially for large-sized structures for which the optical thick-
ness becomes important. This fact was first identified in the
pioneer studies by Townsend? and Spiegel,’ and then applied
to atmospheric studies in more recent papers (Shved* and
Coantic and Simonin®). It was found that gas and particle
(water droplet) radiation may greatly modify the structure of
temperature fluctuation spectra in the planetary boundary
layer.

For high-temperature radiating gases, great attention was
given in the literature to the influence of turbulence on ra-
diation since this problem is important in the simulation of
radiation from turbulent flames. Both theoretical and exper-
imental studies have shown that the emitted radiation from
the flame may be significantly increased as a result of tem-
perature fluctuations (Kabashnikov and Kmit®; Jeng et al.’;
Faeth et al., 1985%; Faeth, 1986°; Gore et al.'!'; Song and
Viskanta!?; Kounalakis et al.'*). But to our knowledge, no
attention was given to the effects of radiation on thermal
turbulence in high-temperature media.
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The aim of this paper is to investigate the effects of radiation
on temperature turbulence spectra for real gases such as CO,
and H,O, at different temperature levels, but in the simple
case of homogeneous and isotropic turbulence. The analysis
is carried on for small temperature fluctuations in such a way
that blackbody intensity may be linearized around it’s value
for the mean temperature. The model used for molecular gas
radiation is briefly described in the next section, and the re-
sulting radiative dissipation coefficients are discussed and
compared with conductive coefficients in the following one.
The closure model for the dynamic equation of thermal tur-
bulence spectra is then described, and the results for radiating
gases are discussed in the last section.

Radiative Model

Absorption spectra of gases such as CO, and H,O include
several thousand significant lines and a line-by-line (LBL)
calculation is impracticable in radiative transfer calculations.
Furthermore, a mean absorption coefficient is not physically
meaningful since it ignores spectral line correlation phenom-
ena. We use here a statistical narrow-band mode! to compute
the transmissivity 7, of a gaseous column, averaged over an
electromagnetic spectral range Av

=17, 6XP (—«,r)dy, (1)
where «, is the spectral absorption coefficient and r the col-
umn length. The lines inside Av are assumed to be randomly
placed and their intensities S follow the two parameter (R
and S,,) probability law

P“):SL;R[“p<T%>_eW<'§3] @

introduced by Malkmus.!* The free parameters S,, and R may
be interpreted as the maximum line intensity and the maxi-
mum to minimum line intensity ratio, respectively.'*!> These
assumptions lead to the following expression for the averaged
transmissivity over Ap'®

iv=exp[—gg</1+]%—l)] ()

where p and x are the pressure and the molar fraction of the
absorbing species, that are assumed to be constant. The model
parameters k, ¥, and & designate, respectively, mean line
intensity to mean line spacing ratio, mean line half-width at
half-maximum, and the weighted mean line spacing inside Av
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Fig. 1 H,0 and CO, absorption spectra for 5 cm column length at
400 K and - - - 2000 K.
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(see Ref. 15, for example). These parameters have been gen-
erated from LBL calculations in previous studies (Hartmann
et al.'* and Soufiani et al.'”) where this radiative model was
found to give the best agreement with LBL. The statistical
narrow-band model is used here with a spectral resolution Av
= 25 ecm~', and for the absorption bands of CO, and H,O
centered between the wave numbers v = 150 cm ! and v =
6000 cm~!. Figure 1 shows the computed spectra for two
temperature conditions, that will be considered in the follow-
ing. The radiative transfer equation may be written for a
nonscattering medium as '

aT,
T (s, r)ds (4)

e w = Lo.wa0. 1 + [ Ee)

or in a differential form and before averaging over Av as
u.VL(r, u) = 7(0)[L(r, w) — I}(r)] )

where u is the unit vector in the propagation direction, % is
the blackbody intensity, and 7,(0) = a7,/or (r = 0) stands
for —«,.

Equation for the Temperature Spectrum of
Radiating Gases

The assumptions made in the following analysis are that:

a) The turbulent field is homogeneous and isotropic.

b) The fluctuating part @ of the temperature is small com-
pared to the mean temperature 7. This enables a linear de-
composition of 15 with 6. The effects of Planck’s function
nonlinearities are discussed in the appendix. It is found that
in the worst case, nonlinear terms remain of the same order
of magnitude as 6/T.

c) As a result of the previous assumption, thermophysical
and radiative properties are assumed to be constant and do
not depend on #. Nevertheless, these properties depend on
the mean temperature and are computed from 7.

With these assumptions, we use a formalism similar to that
of Coantic and Simonin® to obtain the equation for the tem-
perature spectrum. Temperature fluctuation 6 obeys the en-
ergy conservation equation

a0 Bl 9’0
—4+u—=ag—+ S
ot 4 ox; a ox? (6)

where a is the molecular thermal diffusivity and S the radiative
source term related to the divergence of the radiative flux q,

1
§=-—V.q, 7
pC, 4 )

The three-dimensional Fourier transform of Eq. (6) leads
to

%ﬁ;)(k’ 1) + ik;i;®0(k, 1) = —ak*0(k, t) — N(k)b(k, )
(8)

E . !
where k is the turbulence wave vector and N(k) is a coefficient

obtained from the linearization of the radiative field
Sk, t) = —~N(k)d(k, 1) )

or

N(k) = fn "N (k)dv (10)
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with

——
1 V.q,k 1)
pC, O(k, 1)

P

N, (k) = 1)

The expression for N, (k) is derived from the radiative trans-
fer equation after the decomposition of the intensity /, into
its mean and fluctuating components

L(r,w) = I}(T) + 8L(r, w) (12)

I(r) = I(T) + 8L3(r) (13)

The analysis is carried out first for the real spectral intensity
I, (before averaging over Av) until a linear expression of N, (k)
vs 7, is obtained. This expression is then averaged over Av to
enable the use of the statistical narrow-band model. The ra-
diative transfer equation may be written in terms of 81,

u.V8L(r, u) = 7,(0)[81(r, w) — 8I5(r)] (14)
which leads after Fourier transformation to
" 7,(0)813(k)
= -t 15
PLL W) = Z0) — k.u (15)

The divergence of the spectral radiative flux is obtained by
an integration over the propagation direction

V.q,.(r) = L _u.VL(r, ud (16)

and it’s Fourier transform is

—~—

~
V.q,.(k) = J;ﬂm ik.udl (k, u)dQ 17

or from Eq. (15):

o~
=~ , 1(0)315 (K
V-a.(k) = L,, k.u TT((()))— ii(.)u da (18)

This integration can be handled analytically by setting u =
(k.u)/k

T

—~ 1
. pdup
) K 2 SIP(k —_ 9
v qrv( ) ik V( ) 11 — l[.Lk/l,l,(O) (1 )

which leads, after a separation of the integrand into real and
imaginary parts, to:

V.a.K) = —47r5/1§(k)7;(0)[1 - TLI(CO) arctan (7’?0))]
| 20)

This expression is still nonlinear with respect to 7, but it can
be changed to

P

o 2o .
V.q.k) = 0%, sin(kr) dr)

O CTOR adu
(21)

since we have the equalities

a b\ _ f —ar SI(bT)
barctan <a> =aq ) e br d
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and

3T

> (r)

or?

712(0) €70 = KZe—wr =

Equations (11) and (21), together with the linearization of
blackbody intensity

al
b =
sI3(r) = =
or
P aIb "
81 (k) = —— (T)6(k) (22)
aT
lead finally to the expression of N, (k)

[ L 0) + fo *r, % ) sin]gcr) dr]
(23)

4 oI

N = —E

which can be averaged over Av

4 oIb &P, sm(kr)
SeEo|Fos[Fonl
24)

NAv(k) =

and then integrated over all the electromagnetic spectrum

Nk)y= >

AvN,, (k) (29)
narrowbandsAv
The equation for the temperature spectrum is then obtained
classically from Eq. (8). It is written

% (k, t) = Tp(k,t) — 2(ak? + N(k))E (k,t) (26)

where E,(k, t) dk is the contribution of the turbulence spectral
range [k, k + dk] to the temperature fluctuation variance
(5 Ef(k, t) dk = (8%), Tr(k, t) is the transfer term related
to the convection of temperature fluctuations by the turbulent
flow.

It is seen from Eq. (26) that radiation acts as a dissipative
process, just like thermal molecular conduction expressed by
the term ak?. The radiative dissipation term N(k) is compared
in Figs. 2 and 3 to the conductive term for pure H,O and
CO,, respectively, at different temperatures. It is seen that
N(k) is preponderant for small wave numbers (e.g., large
length scales and then optically thick media) while the con-
ductive dissipation term becomes predominant for high values
of k, which correspond to small eddies and then optically thin
media. The asymptotic variations of N(k) in the limit k — 0
are of the kind N(k) ~ k2, since radiation acts like molecular
conduction in the Rosseland limit. On the other hand, for k
— », N(k) tends to a constant value. The intersection between
N(k) and ak? curves is located near £ = 100 m~"'. This value
is mainly imposed by the medium opacity and thermal dif-
fusivity. It varies only slightly with temperature (from 90 m~!

~ to 110 m~! for H,0, and from 30 m~! at 400 K to 200 m~!

at 2000 K, for CO,) since both the derivative 8I%/0T and
thermal diffusivity increase with temperature.

From another point of view, N(k) and ak? may be inter-
preted as the inverse of radiative and conductive characteristic
times, respectively: 7,(k) = 1/N(k) and 7.(k) = 1/ak>. These
two time scales may be compared to the inertial time scale

Te(k) J— (81/3k2/3)71
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1E402+ range should exist for ¢ < 10~! m? s~3. This critical £ value
1E401 decreases with temperature. For CO, at 2000 K, the critical

¢ is about 1072 m? s 3.
1£+00
1E-01+ Closure Model
1£-02 The dynamic equation for Eis solved in this study by using
03 an Onsager-type closure model for the transfer term T,(k,

1E-06

IE-07 L T i 1 i 1
1E-03 1£-02 1E-01 1E+00 1E+01 1E+02 1403
k(m-1)}

Fig. 2 radiative (N(k)) and - - - conductive (ak?) dissipation
terms for turbulent temperature spectrum. H,O at p = 1 atm and
different temperatures.
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Fig. 3 radiative (N(k)) and - - - conductive (ak?) dissipation

terms for turbulent temperature spectrum. CO, at p = 1 atm and
different temperatures.
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Fig. 4 Inverse of the characteristic times
-+ =~ - 1, for water vapor at 2000 K.

Ty === T., and

where ¢ is the rate of viscous dissipation of turbulent kinetic
energy. The intersection between 7, and 7, curves occurs at
the Corrsin wave number k, = (&/a®)V4, which is close to the
Kolmogorov wave number k; = (&/v*)V* for gases (Prandtl
number = 1). The curves 7, and 7, may or may not intersect.
It has been shown by Schertzer and Simonin'® that when 7,
and 7, curves intersect, there is an ‘“‘inertial-radiative’ sub-
range where 7, is the smallest characteristic time. Inside this
subrange, the temperature spectrum slope was found close to
—3. Figure 4 shows that for pure H,O at 2000 K, such sub-

1). The spectral flux function F(k) is written in the form
k
PO = - | To)dk = sOEG) @)

where the proportionality function s(k) depends only on the
dynamical conditions and is assumed to be unmodified by
radiation. The Hill’s generalization of the Corrsin-Pao model
to the case of a passive scalar'? is used. It leads to

(28)

where B is the Corrsin-Obukhov constant, 7, is the inertial
time scale and 7, is another characteristic time defined by

=0 f;j (29)

where the parameter Q is a new model constant. We use the
values B = 0.767 and Q = 2.2 as determined by Hill** from
the comparison with the experimental data of Williams and
Paulson.? This closure is used for radiating gases without any
modification since the model is assumed to be valid for any
Prandt]l number,'® and then, does not depend on the physical
process of temperature fluctuation dissipation.

Replacement of Eq. (27) into Eq. (26) leads, in the sta-
tionary case, to the explicit solution for E (k)

Enk) = s—(% exp (—2 L ‘—”—‘—2;?71)1(5—) dk’) (30)

where A is an integration constant, calculated by assuming
that, in the limit k — 0, the inertio-convective form

Er(k) = Bxs Pk G

is recovered, since dissipation effects are negligible. This be-
havior leads to A = y, where y is the total temperature var-
iance dissipation rate

X =2 L " (ak? + N(K))E,(k)dk (32)

It has been shown in previous studies that this simple model
leads to satisfactory results when compared with experimental
data for temperature spectra of nonradiating fluids,'” and when
compared with the results of EDQNM (Eddy-Damped Quasi-
Normal Markovian) closure for low-temperature radiating
gases, and far from the injéction wave number (Coantic and
Simonin®). This model assumes that the injection of temper-
ature variance is done at k = 0, and consequently, cannot
predict the spectrum’s behavior near the injection wave num-
ber for finite turbulence Reynolds number. We have also
tested this Onsager-Hill model in the experimental conditions
of Williams and Paulson® for nonradiating gases. Satisfactory
agreement (similar to that in the comparison made by Hill*®)
between predicted and measured one-dimensional tempera-
ture spectra is obtained.

Temperature Spectra and Global Radiative Dissipation

For temperature spectrum computation, the main calcu-
lation parameters are thermodynamic fluid conditions (tem-
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Fig. 5 Combensated thermal turbulence spectra with and
- - - without radiation for H,0 at T = 1000 K and p = 1 atm.
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Fig. 6 Noncompensated thermal turbulence spectra in the same con-
ditions as in Fig. 5.

perature, pressure and composition), the viscous dissipation
rate of turbulent kinetic energy &, and the total dissipation
rate y, which depends on the injection rate. Once these pa-
rameters are specified, the three-dimensional spectrum E (k)
may be computed from Eqgs. (24-25) and Egs. (28-30).

Figures 5 and 6 show examples of computed spectra for
pure water vapor and two ¢ values in the conditions 7' = 1000
K and p = 1 atm. Calculations accounting for radiation and
not accounting for radiation are displayed on these figures.
The function E(k) is normalized in Fig. 5 by using the mul-
tiplicative factor ek -1y 1, in order to show clearly the
inertio-convective behavior. It is observed that radiation does
not affect the small k value region, since spectra are mainly
imposed by production and transfer mechanisms in this re-
gion. On the other hand, radiation radically modifies the spec-
tral structure typically between 1073 &k, and k,, where k, des-
ignates the Kolmogorov wave number. The influence of
radiation on thermal turbulence spectra decreases signifi-
cantly with ¢ since, for high ¢ values, the inertial time scale
7, becomes very small in comparison with the other times and
the inertial effects are, therefore, the most important. Qual-
itatively, the relative effects of radiation may be estimated in
a given situation by comparing the global radiative dissipation
rate

xe = 2 | NOE,(0ak (33)
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Fig. 7 Radiative to total dissipation ratio versus ¢ for H,O at different
temperatures.
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Fig. 8 Radiative to total dissipation ratio for H,0-air mixtures at
1000 K and for different ¢ values [log,, (¢) is the parameter shown in
the figure].

to the total (radiative + conductive) dissipation rate y given
by Eq. (32). Figure 7 displays the ratio xx/x vs & for pure
H,0 at400K, 1000 K and 2000 K. The increase in temperature
obviously leads to an increase of radiative influence. At 2000
K for instance, the relative dissipation rate caused by radia-
tion is still about 40% for ¢ as high as 10° m? s~3, while at
400 K, radiative effects become negligible for ¢ greater than
10 m? s—3.

In the previous discussion, the media considered was pure
water vapor, but in practical situations such as in combustion
media, molar fractions of radiating gases are generally limited
to about 0.2. It is, therefore, interesting to investigate the
effects of molar fraction, or, in other words, the effects of
medium optical thickness. Figure 8 shows the ratio yg/y for
air-H,O mixtures as a function of xp,, at T = 1000 K and
for different values of . It is seen that the relative effects of
radiation increase first quickly with x4, and then slowly and
quasilinearly from x,o = 0.15 to x4, = 1. Radiative effects
remain significant for small xy,o, values. In fact, when xy,o
decreases, the radiative dissipation N(k) decreases for small
eddies (typically £ > 1 m~!), but N(k) increases for large
sized eddies as a result of the increase in the optical penetra-
tion length.

Concluding Remarks
We have shown in this study that radiation may greatly
modify the structure of temperature spectra of radiating gases
by smoothing the intensity of temperature fluctuations. These
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effects should be accounted for in the applications requiring
the knowledge of the spectral distribution of temperature fluc-
tuations, e.g., wave propagation through radiating gases and
the prediction of radiation from flames. The results presented
in Figs. 7 and 8 enable a rapid estimation of radiation effects
in a given situation. However, when radiation becomes the
predominant dissipative process, spectral nonlocal interac-
tions may become important (Schertzer and Simonin'®); and
it would be interesting to compare in this case the results of
the Onsager-Hill model with those of more sophisticated
models, such as EDQNM closure. This work is actually in
progress. Similarly, it should be interesting to investigate the
effects of radiation on thermal turbulence spectra in the case
of nonisotropic turbulence and the influence of fluctuating
molar fraction of the radiating species.

Appendix
We discuss in this appendix the effects of Planck’s function
nonlinearities with respect to temperature by considering the
first neglected term 6%2 3215/3T? (T). The error introduced
in the physical space by linearizing I is of the order

o)/[ofm]-2lsE -] e

with & = hv/kT. The right-hand side of Eq. (A1) can be
written in the form 6/T g(v, T) where the function g depends
only on the ratio »/T or on the product AT, where A is the
radiation wavelength. This function is displayed on Fig. Al
vs the dimensionless wavelength A/A,,(T), A,.(T) being the
wavelength corresponding to blackbody maximum emission:
A (T) T = 2898 um K. It is seen from this figure that the
linearization of 1% is an accurate approximation for the ab-
sorption bands located at wavelengths much greater than A,,,(7),
while nonlinearities are significant for A < A, (T'). Therefore,
the accuracy of the linearization depends on the spectral po-
sition of the absorption bands for a given molecule at a given
temperature. In the worst case, nonlinearity effects remain
of the same order of magnitude as 6/T.

In the Fourier space, if we introduce the first neglected
term in the decomposition of 815, Eq. (22) becomes

62 3210
2 9T?

19
29

B18(0) = 522 (1)) +

and the three-dimensional Fourier transform of the energy
equation gives

(k 1) + ik;i,®0(k, 1)

K26(k L " q.d A3
= - ) ~ — :
ak>6(k, t) oC. ) q,.dv (A3)
5 oy

4_4

3_

2_

]-

A/
G 1 T T ) T

23 4 5 6 7 8 9 10

Fig. Al Effects of the first neglected nonlinear term in the decom-
position of 8I2(T + ).

(A2)
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with
- _ , = B_ZE sin(kr)
V.q,.k, ) = 477(7,,(0) + L Py r) T dr)
[  (T)o(k, 1) + = 2 6T2 ] (Ad)

The convolution product 8® (k, ¢) which appears in this
equation is related to the nonlinear transfer between modes
at different wave numbers. The resulting term in the equation
for temperature spectrum needs further modeling.
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